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Abstract 
 
Mechanical systems that undergo prescribed rotational motions arise in such engineered 
systems as robots, spacecraft, propulsion and power generation systems, and certain sensors 
and actuators. In order to avoid the resonance or the critical speed of the system and to keep the 
desired dynamic equilibrium state in the mechanical system undergoing rotational motions, the 
system’s design parameter values or driving angular speed should be tuned. In this work, a 
general formulation for the inverse dynamic equilibrium analysis is developed to directly 
calculate the driving angular speed or design parameter values which satisfy the condition of 
the desired dynamic equilibrium positions. The method is based upon the use of relative 
coordinates and a velocity transformation technique, and it is applicable to multibody systems 
having either open or closed loop configurations. To illustrate the method’s effectiveness, 
accuracy, and computational efficiency, two numerical examples are considered, and the results 
obtained analytically are compared with those obtained by using a commercial program’s 
transient analysis. In some cases, the equilibrium configuration is shown to have an operating 
condition for which the response has nearly zero standard deviations for small perturbations in a 
design parameter’s value. In that case, to verify the method’s effectiveness and usefulness, 
Monte-Carlo simulation results are shown. 
1. INTRODUCTION 
In a dynamic equilibrium state, a subset of generalized coordinates assumes constant values 
while the remaining coordinates vary and evolve in time. Such equilibria can develop in 
multibody systems that undergo prescribed rotational motions, as is the case in some 
applications including robotics, deploying spacecraft appendages, propulsion and power 
generation, and microelectromechanical sensors and actuators. Fig. 1 shows typical mechanical 
systems undergoing rotational motions. Examples of open loop systems that exhibit dynamic 
equilibria have been discussed [1-3] in the context of Newton, Lagrange, and Kane methods. 
However, dynamic equilibria often cannot be calculated efficiently through existing 
commercial codes [4-6] to the extent that they do not capture the appropriate physics of the 
system at hand. In one approach to a constrained multibody system’s dynamic equilibrium 
configuration, the transient response of certain coordinates can be simulated for prescribed 
input motion until the coordinates reach steady state at the values associated with the 
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Figure 1.  Typical mechanical system undergoing rotational motions: (a) a spacecraft and (b) a MEMS 
gyro sensor. 
equilibrium. However, the computational effort associated with that time integration procedure, 
with the goal of only identifying an equilibrium state, can be costly and prohibitive. 
Choi et al. [7] described a general formulation to calculate directly the coordinate values in a 
dynamic equilibrium state for a constrained multibody system having prescribed rotational 
motion. In that case, relative coordinates [8] and a velocity transformation technique [9] were 
used to obtain the equations of motion and identify the equilibrium values of the coordinates. In 
this approach, the driving angular velocity is given, then the dynamic equilibrium positions are 
calculated from the proposed algorithm. Later this approach can be referred as the forward 
dynamic equilibrium analysis method.  
However, in the field, it is very important to find an appropriate angular velocity which satisfies 
the desired dynamic equilibrium state in the mechanical system undergoing rotational motions, 
in order to avoid the resonance or the critical speed of the system. In addition, to keep the 
desired dynamic equilibrium positions, the system’s design parameter values or driving angular 
speed should be tuned. In this work, a general formulation for the inverse dynamic equilibrium 
analysis is developed to directly calculate the driving angular velocity or design parameter 
values which satisfy the condition of the desired dynamic equilibrium positions. 
To verify the proposed method’s accuracy, two numerical examples are considered, and the 
results obtained analytically are compared with those obtained by using a commercial 
program’s transient analysis. In some cases, the equilibrium configuration is shown to have an 
operating condition for which the response has nearly zero standard deviations for small 
perturbations in a design parameter’s value. In that case, to verify the method’s usefulness in 
the system design, Monte-Carlo simulation results are shown. 
2. INVERSE DYNAMIC EQUILIBRIUM ANALYSIS 
In three-dimensional space, the configuration of a free rigid body is described by six 
coordinates, and the coordinate set of the i -th body in a multibody system is denoted here as 
ix . Quantities in bold typeface denote vectors or matrices. With the system comprising n  rigid 
bodies, the system-level set of Cartesian coordinates [ ]TTnTT xxxx L21=                                                     (1) 
encompasses sets for the individual bodies. In the most general case, the equations of motion 
for a constrained multibody system can be expressed [10, 11] 
QλΦxM x =+ T&&                                                          (2) 
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where M , Q , and λ  denote the generalized mass matrix, the generalized force vector, and the 
Lagrange multiplier vector, respectively. The Jacobian constraint matrix xΦ  comprises partial 
derivatives of the constraint equations Φ  with respect to the set of coordinates in Eq. (1). 
The equations of motion are cast in a reduced form by introducing the relative generalized 
coordinates q  through 
qBx && = ,                                                                 (3) 
where B  is the velocity transformation matrix [9]. When the multibody system is in dynamic 
equilibrium, a subset of the q& , denoted by Pq& , defines the constrained system’s constant 
rotational motions. The remaining q&  are denoted by Rq& . Equation (3) then becomes 
RRPP qBqBx &&& +=                                                       (4) 
where PB  and RB  are the velocity transformation matrices associated with Pq  and Rq . 
By using Eq. (4), the equations of motion (2) are reduced to [7] 
** QλΦqM q =+ cTcR R&&                                                   (5) 
where 
R
T
R MBBM =* ,                                                       (6) 
)(* RRPP
T
R
T
R qBMqBMBQBQ &&&& +−= ,                                  (7) 
and cΦ  represents the cut-joint constraints at any points where kinematic chains in the 
closed-loop system were cut to generate a tree structure [8]: 
0q =)( RcΦ                                                           (8) 
Differentiating Eq. (8) twice with respect to time, the acceleration constraint equations can be 
obtained as: 
c
R
c
R
γqΦq =&&                                                             (9) 
where 
c
ttR
c
tRR
cc
RRR
ΦqΦqqΦγ qqq −−−= &&& 2)(  .                                    (10) 
Equations (5) and (9) govern the dynamics of a constrained multibody system.  
In a state of dynamic equilibrium, the Rq  are constant. Therefore, at dynamic equilibrium state, 
the following conditions are satisfied:  
0q =R&                                                                  (11) 
0q =R&& .                                                                (12) 
Since Pq&  is constant, Pq&&  become zero naturally.  
Now letting Pq&  be Ω . At dynamic equilibrium state, PB& can be represented as: 
ΩDq
q
BB =∂
∂= P
P
P
P &&                                                       (13) 
Substituting Eqs. (11)-(13) into Eq. (5), the following equilibrium equations can be obtained as: 
0λΦQMDB q =+− cTcTR R)( 2Ω                                             (14) 
Therefore, the exact dynamic equilibrium positions and Lagrange multipliers can be 
determined by solving two nonlinear equations (14) and (8). 
In the inverse dynamic equilibrium problem, all or some of dynamic equilibrium positions Rq  
are given and the driving angular velocity Ω  or some system parameter values are unknown.  
If all of dynamic equilibrium positions Rq  are specified, the matrix D  should be a constant 
matrix. 
In the inverse dynamic equilibrium problem, dynamic equilibrium is governed by the set 
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0λΦQMDB q =+−= cTcTR R)(
2ΩΠ                                           (15) 
0=cΦ                                                                  (16) 
of  cR nn +  nonlinear algebraic equations in unknowns z  and cλ , where Rn  represents the 
number of the generalized coordinate Rq  and cn  represents the number of constraint 
equations. If the driving angular velocity vector Ω  is unknown, the system variable z  can be 
represented as [ ]TTRPT qz Ω=                                                                           (17) 
 
or if a part of system parameter vector Pv  is unknown and the driving angular velocity Ω  is 
given, the system variable z  can be represented as [ ]TTRPTp qvz =                                                               (18) 
where RPq  represents the specified generalized coordinate vector in the Rq  and the dimension 
of vector z  is 1×Rn . 
Solutions of z  and cλ  to this system can be found numerically by using a nonlinear equation 
solver. If a Newton-Raphson algorithm [12] is used to find solutions, an iterative solution  
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is sought. Equation (19) yields the Newton difference vector [ ]TTcT λ∆∆z , and the system 
coordinate z , Lagrange multipliers cλ , residual vector  [ ]TcTT ΦΠ , and Jacobian matrix in 
Eq. (19) are updated iteratively. The driving angular velocity or system parameters which lead 
the desired dynamic equilibrium state are roots of Eqs. (19) and (20). 
3. NUMERICAL EXAMPLES 
3.1 3-DOF swing pendulum with a slider 
As the first example, Fig. 2 depicts a rotating 3-DOF (degree-of-freedom) double pendulum 
with a slider. This system comprises three single rigid bodies which form an open kinematic 
loop. The first body is a uniform rigid bar which is driven at angular velocity Ω ; the second 
body is a virtual body which has no inertia properties and the third body is a rigid slider. The 
body 1 is connected to ground through a revolute joint; body 2 and body 1 are connected by a 
revolute joint and a torsional spring; and body 3 and body 2 are connected by a translational 
joint and a translational spring. The stiffness and the unstretched angle of the torsional spring, 
illustratively are taken to be radmNkr /300 ⋅=  and rad0 . The stiffness and the 
unstretched length of the translational spring, illustratively are taken to be mNkt /50000=  
and m0.1 . Table I lists the inertia properties of each component, and the coordinates of various 
points in Fig. 2 that define the system’s configuration are listed in Table II. The 1O , 2O , and 
3O  represent the origins of each body fixed coordinate system. 
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Figure 2.  3-DOF rotating pendulums with slider. 
Table 1 Inertia properties of rigid bodies                        Table 2 Inertial coordinate values  
 
 
The constraint coordinate Pq&  is taken to be the driving angular velocity Ω , and the Rq  are 
defined by 
[ ]TR d θ,=q ,                                                      (21) 
where d  is the relative translational distance between the body 3 and the body 2, and θ  is the 
relative angle of the revolute joint 2. In the system’s initial state, the relative distance  d  is set 
at m0.1  and θ  is assigned at rad0472.1 , respectively. 
The first inverse dynamic equilibrium problem for this system is to find the driving angular 
velocity when the relative angle is specified as 45 degree at dynamic equilibrium state. From 
the inverse dynamic equilibrium analysis, the driving angular velocity which satisfies the given 
condition is found as sec/5192.10 rad . In order to verify the result, a dynamic model is made 
by using a commercial program ADAMS [4]. Fig. 3 shows the transient result from ADAMS. 
In this simulation, the driving angular velocity is given as the motion constraint of ADAMS’s 
step function from 0 to sec/5192.10 rad  between 0 sec and 2 sec. The constant BDF integrator 
is used. In order to prevent oscillation, a rotational and translation damping values are given as 
radNmcr sec/0.10=  and mNct sec/0.100= , respectively. As shown in the Fig. 3, the 
dynamic equilibrium angle shows 45 degree.  
The second inverse dynamic equilibrium problem is to find a proper mass of body 3 when the 
relative distance d is specified as m05.1  and the driving angular velocity is specified as 
sec/0.16 rad . From the proposed inverse dynamic equilibrium analysis, the mass of body 3 
which satisfies the given conditions is found as kg8097.4 .  
In order to verify the result, the same dynamic model used in the previous simulation is used but 
the driving angular velocity is given as the motion constraint of ADAMS’s step function from 0 
to sec/16 rad  between 0 sec and 2 sec and the mass of body 3 is given as kg8097.4 . Fig. 4 
shows the transient result from ADAMS. As shown in the Fig. 4, the dynamic equilibrium 
position shows m05.1 .  
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Figure 3.  Dynamic equilibrium angle from the 
transient analysis.  
 
Figure 4.  Dynamic equilibrium position from 
the transient analysis.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
3.2  2-DOF Governor Mechanism 
Figure 5 shows a spatial 2-DOF governor mechanism formed of two closed kinematic loops. 
The first body is the upper spindle in which coordinate system 111 zyx −−  is fixed and which is 
driven at angular velocity Ω ; the second and third bodies are pendulums having point masses 
at their outer ends; and the fourth body is the lower collar which is free to slide vertically on the 
spindle’s axis.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5. A governor mechanism that has two closed kinematic loops. 
 
Table 3  Inertia properties for rigid body elements that comprise the governor mechanism. 
Body Mass (kg) Ix’x’ (kg m2) Iy’y’ (kg m2) Iz’z’ (kg m2) 
Spindle 200 25 50 25 
Mass 1 1 0.00036 0.00036 0.00036 
Mass 2 1 0.00036 0.00036 0.00036 
Collar 1 0.0004 0.00045 0.0004 
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Figure 6.  Dynamic equilibrium angle from the 
transient analysis.  
 
Figure 7.  Dynamic equilibrium position from 
the transient analysis.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Table 4 Initial coordinate values in global coordinates for the governor mechanism. 
Point X (m) Y (m) Z (m) 
O1 0 0.2 0 
O2 0.1131 0.0869 0 
O3 -0.1131 0.0869 0 
O4 0 0.05 0 
P 0.0566 0.1434 0 
Q -0.0566 0.1434 0 
 
The spindle is connected to each pendulum through revolute joints, and the spindle and collar 
are connected by a translational joint and a spring k . Point iO  represents the center of a body’s 
Cartesian reference frame in space. For illustration, the collar and each pendulum are connected 
by joints having the fixed separation distance m1092.0 , and the stiffness and the unstretched 
length of the spring are taken to be mN /1000  and m15.0 . Table 3 lists the inertia properties 
of each component, and the coordinates of various points in Fig. 5 that define the system’s 
configuration are listed in Table 4.  
The constraint coordinate Pq&  is taken to be the driving angular velocity Ω , and the Rq  are 
defined by 
 [ ]TR ,,d 32 θθ=q ,                                                     (22) 
where d  is the relative translational distance between the spindle and the collar, and 1θ  and 2θ   
are the relative angles of the revolute joint 2 and 3. In the system’s initial state, the relative 
distance d  is set at  m15.0  and 1θ  and 2θ  are assigned at rad7854.0 , respectively. 
The first inverse dynamic equilibrium problem for the governor system is to find the driving 
angular velocity when the relative angles 1θ  and 2θ  are specified as 60 degree respectively at 
dynamic equilibrium state. From the inverse dynamic equilibrium analysis, the driving angular 
velocity which satisfies the given condition is found as sec/9862.16 rad . In order to verify the 
result, a dynamic model is made by using a commercial program ADAMS. Fig. 6 shows the 
transient result from ADAMS. In this simulation, the driving angular velocity is given as the 
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motion constraint of ADAMS’s step function from 8 to sec/9862.16 rad  between 0 sec and 2 
sec. The constant BDF integrator is used. In order to prevent oscillation, a translation damping 
values is given as mNct sec/0.50= . As shown in the Fig. 6, the dynamic equilibrium angle 
shows 60 degree.  
The second inverse dynamic equilibrium problem for the governor system is to find a proper 
mass of collar when the relative distance d is specified as m15.0  and the driving angular 
velocity is given as sec/0.12 rad . From the proposed inverse dynamic equilibrium analysis, 
the mass of collar which satisfies the given conditions is found as kg648.1 . 
The reason of specifying the desired dynamic equilibrium position as m15.0  is that the 
dynamic equilibrium position becomes the same value of the unstretched length of the spring 
and consequently the resultant spring force becomes zero. Therefore, in this dynamic 
equilibrium condition, the manufacturing tolerance or small variation in spring’s stiffness has 
no effect on dynamic equilibrium position at the given operating point. 
In order to verify the result, the same dynamic model used in the second simulation is used but 
the driving angular velocity is given as the motion constraint of ADAMS’s step function from 0 
to sec/0.12 rad  between 0 sec and 2 sec and the collar’s mass is given as kg648.1 . 
The figure 7 shows the dynamic equilibrium position d . As shown in the Fig. 7, the desired 
dynamic equilibrium position is obtained.  
In order to verify that the desired dynamic equilibrium state is not affected by the variation of 
spring’s stiffness, three Monte Carlo simulations are conducted. Table 5 further compares the 
standard deviations of the dynamic equilibrium position d  when the desired operating point is 
specified as sec/0.12 rad  and the collar’s mass is given as kg648.1 . Table 5 shows that this 
desired dynamic equilibrium position is a very useful design point.  
 
Table 5 Standard deviations of dynamic equilibrium position d with respect to the various tolerance 
values of spring’s stiffness at the driving angular velocity 12.0 rad/sec. 
Tolerance (%) Standard deviation of d at  Ω = 12 rad/sec (µm) 
3 2.584E-006 
10 8.625E-006 
30 2.632E-005 
4. CONCLUSIONS 
This paper presents a general formulation for the inverse dynamic equilibrium analysis of 
mechanical systems that undergo prescribed rotational motions in order to directly calculate the 
driving angular speed or design parameter values which satisfy the given condition of the 
desired dynamic equilibrium positions. In the field, it is very important to find an appropriate 
angular velocity or tune the system parameter values in order to avoid the resonance or the 
critical speed of the system, or to keep the desired dynamic equilibrium positions. The method 
is based upon the use of relative coordinates and a velocity transformation technique, and it is 
applicable to multibody systems having either open or closed loop configurations. To verify the 
proposed method’s accuracy, two numerical examples are considered, and the results obtained 
analytically are compared with those obtained by using a commercial program’s transient 
analysis. In some cases, the equilibrium configuration is shown to have an operating condition 
for which the response has nearly zero standard deviations for small perturbations in a physical 
view. In that case, to verify the method’s effectiveness and usefulness, Monte-Carlo simulation 
results are shown.  
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